Abstract. The quotient shape types of normed vectorial spaces (over the same field) with respect to Banach spaces reduce to those of Banach spaces. The finite quotient shape type of normed spaces is an invariant of the (algebraic) dimension, but not conversely. The converse holds for separable normed spaces as well as for the bidual-like spaces (isomorphic to their second dual spaces). As a consequence, the Hilbert space l 2 , or even its (countably dimensional, unitary) direct sum subspace may represent the unique quotient shape type of all 2 ℵ0 -dimensional normed spaces. An application yields two extension type theorems.
Introduction
The shape theory began as a generalization of the homotopy theory such that the locally bad spaces can be also considered and classified in a very suitable "homotopical" way. The first step (for compacta in the Hilbert cube) had made K. Borsuk, [1] . The theory was rapidly developed and generalized by many authors. The main references are [2] , [3] , [5] and, especially, [10] . Although, in general, founded purely categorically, a shape theory is mostly well known only as the (standard) shape theory of topological spaces with respect to spaces having the homotopy types of polyhedra. The generalizations founded in [7] and [16] are, primarily, also on that line.
The quotient shape theory was introduced a few years ago by the author, [12] . It is, of course, a kind of the general (abstract) shape theory, [10] , I. 2. However, it is possible and non-trivial, and can be Key words and phrases. normed (Banach, Hilbert) vectorial space, quotient normed space, algebraic dimension, expansion, (infinite) cardinal, (general) continuum hypothesis, quotient shape, continuous linear extension.
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straightforwardly developed for every concrete category C and for every infinite cardinal κ ≥ ℵ 0 . Concerning a shape of objects, in general, one has to decide which ones are "nice" absolutely and/or relatively (with respect to the chosen ones). In this approach, the main principle reads as follows: An object is "nice" if it is isomorphic to a quotient object belonging to a special full subcategory and if it (its "basis") has cardinality less than (less than or equal to) a given infinite cardinal. It leads to the basic idea: to approximate a C-object X by a suitable inverse system consisting of its quotient objects X λ (and the quotient morphisms) which have cardinalities, or dimensions -in the case of vectorial spaces, less than (less than or equal to) κ. Such an approximation exists in the form of any κ − -expansion (κ-expansion) of X,
, where X κ − (X κ ) belongs to the subcategory pro-D κ − (pro-D κ ) of pro-D, and D κ − (D κ ) is the subcategory of D determined by all the objects having cardinalities, or dimensions -for vectorial spaces, less than (less than or equal to) κ, while D is a full subcategory of C. Clearly, if X ∈ Ob(D) and the cardinality |X| < κ (|X| ≤ κ), then the rudimentary pro-morphism ⌊1 X ⌋ : X → ⌊X⌋ is a κ − -expansion (κ-expansion) of X. The corresponding shape category Sh D κ − (C) (Sh Dκ (C)) and shape functor S κ − : C → Sh D κ − (C) (S κ : C → Sh Dκ (C)) exist by the general (abstract) shape theory, and they have all the appropriate general properties. Moreover, there exist the relating functors S κ − κ : Sh Dκ (C) → Sh D κ − (C) and S κκ ′ : Sh D κ ′ (C) → Sh Dκ (C), κ ≤ κ ′ , such that S κ − κ S κ = S κ − and S κκ ′ S κ ′ = S κ . Even in simplest case of D = C, the quotient shape classifications are very often non-trivial and very interesting. In such a case we simplify the notation Sh D κ − (C) (Sh Dκ (C)) to Sh κ − (C) (Sh κ (C)) or to Sh κ − (Sh κ ) when C is fixed.
In [12] , several well known concrete categories were considered and many examples are given which show that the quotient shape theory yields classifications strictly coarser than those by isomorphisms. In [13] and [14] were considered the quotient shapes of (purely algebraic, topological and normed) vectorial spaces and topological spaces, respectively. In the recent paper [15] , we have continued the studying of quotient shapes of normed vectorial spaces of [13] , Section 4.1, primarily and separately focused to the well known l p and L p spaces and to the Sobolev spaces W (k) p (Ω n ) (of all real functions on Ω n having their supports in a domain Ω n and all partial derivatives up to order k continuous). The main global result of [15] is that the finite quotient shape type of a normed spaces (over the field F ∈ {R, C}) reduces to that of its completion (Banach) spaces, and consequently, that the quotient shape theory of (NV ect F , (NV ect F ) 0 ) reduces to that of (BV ect F , (BV ect F ) 0 )
In this work we have clarified the relationship between the quotient shape theories of normed and that of Banach spaces (Theorem 1). Further, we have proven that the finite quotient shape type of normed spaces is an invariant of the (algebraic) dimension, but not conversely. The counterexamples exist in the dimensional par {ℵ 0 , 2 ℵ 0 }. In the case of separable Banach spaces, the classifications by dimension and by the finite quotient shape (as well as by the countable quotient shape) coincide (Theorem 2). Consequently, all the infinite-dimensional separable normed spaces over the same field belong to a unique quotient shape type with respect to Banach spaces. Its representative may be, for instance, the Hilbert space l 2 , or its (countably infinite dimensional, unitary) direct sum subspace
An application yields two extension type theorems for the category sB ∪ bB (sB -separable Banach; bB -bidual-like Banach spaces, i.e., X ∼ = X * * ), provided a subspace has the top-dimensional closure and a lower codimension, into lower dimensional Banach spaces (Theorems 3 and its "operable realization" -Theorem 4).
Preliminaries
We shall frequently use and apply in the sequel several general or special well known facts without referring to any source. So we remind a reader that -our general shape theory technique is that of [10] ; -the needed set theoretic (especially, concerning cardinals) and topological facts can be found in [4] ; -the facts concerning functional analysis are taken from [8] , [9] or [11] ; -our category theory language follows that of [6] .
For the sake of completeness, let us briefly repeat the construction of a quotient shape category and a quotient shape functor, [12] . Given a category pair (C, D), where D ⊆ C is full, and a cardinal κ, let D κ − (D κ ) denote the full subcategory of D determined by all the objects having cardinalities or, in some special cases, the cardinalities of "bases" less than (less or equal to) κ. By following the main principle, let (C, D κ − ) ((C, D κ )) be such a pair of concrete categories. If (a) every C-object (X, σ) admits a directed set R(X, σ, κ − ) ≡ Λ κ − (R(X, σ, κ) ≡ Λ κ ) of equivalence relations λ on X such that each quotient object (X/λ, σ λ ) has to belong to D κ − (D κ ), while each quotient morphism p λ : (X, σ) → (X/λ, σ λ ) has to belong to C; (b) the induced morphisms between quotient objects belong to
(with p κ − and q κ − -a pair of appropriate expansions), and similarly for a κ-shape morphism
, the composition and identities follow straightforwardly. Observe that every quotient morphism p λ is an effective epimorphism. (If U is the forgetful functor, then U(p λ ) is a surjection), and thus condition (E2) for an expansion follows trivially.
The corresponding "quotient shape" functors S κ − : C → Sh D κ − (C) and S κ : C → Sh Dκ (C) are defined in the same general manner. That means,
, and thus, the correspondence µ → λ(µ) yields a function φ :
The identities and composition are obviously preserved. In the same way one defines the functor S κ .
Furthermore, since (X, σ) κ − is a subsystem of (X, σ) κ (more precisely, (X, σ) κ is a subobject of (X, σ) κ − in pro-D), one easily shows that there exists a functor
Generally, in the case of κ = ℵ 0 , the κ − -shape is said to be the finite (quotient) shape, because all the objects in the expansions are of finite (bases) cardinalities, and the category is denoted by Sh D 0 (C) or by Sh 0 (C) ≡ Sh 0 only, whenever D = C.
Let us finally notice that, though D C κ − ) ((D C κ )), the quotient shape category Sh C κ − (D) (Sh Cκ (D)) exists as a full subcategory of Sh C κ − (C) (Sh Cκ (C)), and, if D is closed with respect to quotients, then
The quotient shapes of normed and Banach spaces
Let N denote the category of all normed (vectorial) spaces over the field F ∈ {R, C} together with all corresponding continuous linear functions. Let H ⊆ B ⊆ N denote its full subcategories of all Hilbert and all Banach spaces over the same F , respectively, and let sN (bN ⊆ B) denote full subcategory of all separable normed (biduallike) spaces over the same F . Further, given an infinite cardinal κ ≥ ℵ 0 , let H κ − ⊆ B κ − ⊆ N κ − (H κ ⊆ B κ ⊆ N κ ) denote the corresponding full subcategories determined by all the objects having algebraic dimensions less than (less or equal to) κ.
The next lemma and theorem slightly reinforce Theorem 3 of [15] . Lemma 1. Let Z be a dense subspace of a normed space X and let
where Y is a Banach space over the same field having dim Y < κ, and its extensionf : X → Y factorize uniquely (linearly and continuously) trough a Banach space X λ , dim X λ < κ, λ ∈ Λ κ − , and if dim Y < 2 ℵ 0 ≤ κ, then dim X λ < ℵ 0 . The quite analogous statements hold in the κ-case, ℵ 0 ≤ κ < dim X.
Proof. One readily sees that
We need to verify the mentioned factorization property. Let Y be a Banach space over the same field, dim Y < κ, let f : X → Y be a continuous linear function and letf : Cl(X) → Y be the continuous extension of f , that is also linear. Since p κ − : X → X κ − is a B κ − -expansion of X, there exist a λ ∈ Λ κ − and a unique continuous linear function
Since every continuous extension of Z onto X is unique, it follows that g λ p λ =f . Finally, the factorization trough an expansion term is also unique, hence g λ = f λ .The dimension property holds because there is no countably infinite-dimensional Banach space.
Lemma 2. For every vectorial space X = {θ} over F ∈ {R, C},
If, in addition, X is a normed space and Cl(X) is its completion in the second dual space, then
n , for some n ∈ N, and the conclusion dim
. Then, by Lemma 3.2 (iv) of [13] , dim X = |X|, and hence, 2
This proves equivalences (i) and (i)', and the consequence (ii) follows. Let X be a normed space such that dim X = ℵ 0 . Then X is not a Banach space. Thus its completion Cl(X), being a Banach space, must increase the algebraic dimension, i.e., dim Cl(X) > dim X. Conversely, let dim Cl(X) > dim X. Assume to the contrary, i.e., that either dim
n for some n ∈ N, and hence, Cl(X) = X -a contradiction. It remains that dim X > ℵ 0 , i.e., dim X = 2
contradiction again, and equivalence (iii) is proven.
Recall that every normed space is dense in its Banach completion. Further, since the embedding into Banach completion is an isometry, all dense subspaces of a normed space have the same Banach completion (in the second dual space). Since there is no Banach space of the countably infinite (algebraic) dimension, the following theorem is an immediate consequence of Lemma 1 (see also Theorem 4 of [13] ) and Lemma 2.
Theorem 1. (i)
The quotient shape theory of (i) (N , N 0 ) ( and of (N , B ℵ 0 ) as well) reduces to that of (B, B 0 );
The following lemma is a generalization of [15] , Proposition 1 (which was a correction of incorrectly formulated [13] , Corollary 4.4).
Lemma 3. Let X and Y be normed spaces over the same field such Proof. (i). If κ < ℵ 0 , then X and Y are isomorphic to an F n , and thus, the statement is trivially true. Let κ ≥ ℵ 0 . Clearly, one may assume that X = (V, · ) and
By a careful examining of the proof of [15] , Proposition 1, one notices that there assumed continuity of 1 V : X → Y does not play any essential role. Namely, instead of by the identity 1 V induced pro-morphism, one can construct a morphism
Mor precisely, by [9] , Section 8. 11, (b), p. 440, every closed subspace
For each λ ∈ Λ 0 and each µ ∈ M 0 , choose and fix such a W λ and a W µ respectively. Recall that the morphisms p λ :
′ , are the corresponding quotient functions, which all are linear and continuous. Observe that every finite-dimensional subspace W V is closed in the both X and Y . Therefore, by [9] , Section 8. 11, (c), p. 440, given a µ ∈ M 0 , i.e., a Y µ , for a chosen W µ , there exists a closed subspace Z λµ of X that is a direct complement of W µ and of the chosen W λµ as well. Clearly, for every µ ∈ M 0 ,
is represented by a unique w ∈ W µ and conversely, and that each [v = x] λµ ∈ X λµ is represented by a unique w ′ ∈ W µ and conversely. Let us define
Since the elements of W µ bijectively represent the element-classes of Y µ and of X λµ , it follows that φ λ and ψ λ are linear bijections. Since all the spaces are finite-dimensional, φ λ , φ −1 λ , ψ λ and ψ −1 λ are continuous, and thus, they are the isomorphisms of Banach spaces. Hence, the composite
, and since each [x] λ = [w] λ ∈ X λ for one and only one w ∈ W λ, , it follows that
and straightforwardly prove that g −1 = f . However, it is more convenient to observe that the index function f : M 0 → Λ 0 is cofinal, i.e., that every λ admits a µ such that f (µ) ≥ λ. Namely, one readily sees
ℵ 0 , and the conclusion about the countable quotient shapes and the isomorphism , and choose an isomorphism u λ : X λ → X ′ λ . Let n ∈ N, and assume that, for all λ ∈ Λ 0 such that |λ| < n, the construction is made, i.e., for all λ ′ ≤ λ, the Hilbert spaces X ′ λ ′ and the isomorphisms
′ are chosen and, for every related pair λ 1 ≤ λ 2 (≤ λ) and every related triple
are defined according to commutativity conditions p
. Let λ ∈ Λ 0 such that |λ| = n ∈ N, and let λ 1 , . . . , λ n λ be all the predecessors of λ. Then, for each i = 1, . . . , n, |λ i | < n holds. Thus, by the inductive assumption, for all λ i and all their predecessors the construction is already made. By the canonical construction of a quotient expansion,
, and choose an isomorphism u λ : If κ > ℵ 0 , then the countable quotient shape with respect to Banach spaces reduces to the finite one (Theorem 1 (i)), and the conclusion follows as previously.
(ii). We may assume that X is a closed subspace of 
Therefore, according to the previous case, the proof reduces to the verification of the following claim:
For every closed subspace W Y such that dim W = dim Y and dim(Y /W ) < κ, there exists a closed subspace Z X such that dim Z = dim X and dim(X/Z) < κ, and in addition, Z W , dim Z = dim Y and dim(Y /Z) < κ. Let such a W be given. Put Z = X ∩ W . Then Z W is a closed subspace of the both X and Y . Since the codimensions of X and W are less than κ, it follows (see also Lemma 3.8 (iii) of [13] 
So the claim is verified, and the proof is completed.
Given a vectorial space V , denote
We shall need the following general facts.
Lemma 4. Let V be a vectorial spaces over F ∈ {R, C}.
Proof. The equality |V | = dim V , and thus |X| = dim X as well, follows by [13] 
, Lemma 3.2 (iv). Notice that W(V ) is the disjoint union of all
The same holds for W(X). (Recall that every finite-dimensional subspace W of X is closed. ) Similarly, Z(V ) is the disjoint union of all Z n (V ), n ∈ {0} ∪ N, where
In the same way, Z cl (X) is the disjoint union of all Z cl,n (X), n ∈ {0} ∪ N, where Z c ln, (X) = {Z X | Cl(Z) = Z dim Z = dim X ∧dim(X/Z) = n} and Z cl,0 (X) = {X}. Observe that |W 1 (V )| = |V |, and |W 1 (X)| = |X| as well, hold because of |V | ≥ 2 ℵ 0 . Further, one readily sees that, for every n = 0, dim V > n implies |W n (V )| = |W 1 (V )| ≥ 2 ℵ 0 . The same holds true for X. Now observe that
* |, where X * denotes the (normed) dual of X. Then, it is easy to see that, for every n = 0, |Z n (V )| = |Z 1 (V )| and |Z cl,n (X)| = |Z cl,1 (X)|. Consequently, statement (i) reduces to
Similarly, concerning (ii), it suffices to prove that
where the first and third equality hold already. It remains to prove the second one. Clearly, |X| ≤ |X * |. Assume, firstly, that X is a separable normed space. Then |X| = 2 ℵ 0 , while the cardinality of the set F X of all functions of X to F is |F | |X| = 2 ℵ 1 (GCH accepted). Since X is separable, the cardinality of the set c(X, F ) of all continuous functions of X to F is determined by countability of a dense subset on X. This implies that |c(X, F )| = 2 ℵ 0 = |X|. Since |X * | ≤ |c(X, F )|, the conclusion follows. Finally, if X is a bidual-like normed space, i.e., X * * ∼ = X, then |X * * | = |X|, implying |X * | = |X|.
Further, in all finite-dimensional cases, i.e., X ∼ = F n , n ∈ N, and |W(
Notice that, for the full subcategory U ⊆ N (Uunitary; all the continuous linear functions included), it holds X ∼ = Y in U if and only if X ∼ = Y in N . Namely, though the restriction to the linear inner-product preserving functions is convenient for making quotient spaces, it breaks the shape relationship with N (hereby a full subcategory is needed!). In other words, the restriction to the inner product preserving morphisms, would lead to a new quotient shape theory of unitary (Hilbert) spaces and linear inner-product preserving functions.
Though the separability assumption of a non-bidual-like space X in our proof of Lemma 4 (ii) is essential, the following question still makes sense: Question 1. Does Lemma 4 (ii) hold true for every normed (Banach) space X having dim X = ℵ 0 ? Namely, the author can prove that X = l ∞ (non-separable and nonbidual-like) is an example towards the affirmative answer.
Theorem 2. The finite quotient shape type of normed spaces over the same field is a strict invariant of the (algebraic) dimension, i.e.,
(and with respect to B 0 as well). Furthermore, there exists a quotient shape isomorphism
hold true. Consequently, the classifications on sB ∪ bB by (algebraic) dimension, by the finite quotient shape and by the countable quotient shape coincide. Furthermore, for the bidual-like Banach spaces, if there exists a closed embedding e :
Proof. Let X and Y be normed spaces over the same field such that dim X = dim Y . Since one may assume that X = (V, · ) and Y = (V, · ′ ), the implication (i), and the necessity parts in (ii) follow by Theorem 1 and Lemma 3, while the second sufficiency in (ii) holds trivially.
In order to prove that the converse of (i) does not hold, let us consider the direct sum vectorial (algebraic) space [15] , Section 4), and since dim
, it follows that there is a lot of counterexamples in the dimensional pair {ℵ 0 , 2 ℵ 0 }. Let us now prove the sufficiency part of the first equivalence in (ii), Let X, Y be a pair of normed spaces over the same field such that either the both dim X, dim Y ≤ ℵ 0 or X, Y ∈ Ob(sN ∪ bN ) having dim X, dim Y ≥ 2 ℵ 0 (CH accepted), and let us assume that Sh 0 (X) = Sh 0 (Y ). If dim X < ℵ 0 and dim Y < ℵ 0 , then the both X and Y have to be isomorphic to an F n , n ∈ N, and hence, dim X = dim Y . Further, Sh 0 (X) = Sh 0 (Y ) and n = dim X < dim Y = ℵ 0 (or n = dim Y < dim X = ℵ 0 ) immediately leads to a contradiction. It remains to prove the statement in the case of X, Y ∈ Ob(sN ∪ sN ) having dim X ≥ 2
be the canonical N 0 -expansions of X, Y respectively, that also are the B 0 -expansions. Then X 0 ∼ = Y 0 in pro.B 0 . According to [10] , I.1.2, Theorem 2, we may pass to the associated cofinite (i.e., with cofinite index sets) inverse systems
Choose a special representative (φ, fμ) of f (having the index function φ increasing, [10] , I. 1.2, Lemma 3). Then, for every related pairμ ≤μ ′ ,
(ψ is increasing) such that, for every related pairλ ≤λ ′ , gλq
, we conclude that, for everyμ ∈M, there exists aμ
Recall that all q µµ ′ are epimorphisms, and thus such are all q
by the choice of the special representatives). Therefore, (∀μ ∈ M κ − ) fμg φ(μ) = q ′μ ψφ(µ) . Now, assume to the contrary, i.e., that dim X = dim Y . We may assume, without loss of generality, that dim
, there exists aλ 0 ∈Λ and there exists infinitely many (actually, κ
Then, µ 0 = ψφ(μ) ≥μ for infinitely manyμ ∈M . It follows thatM is not cofinite -a contradiction. Finally, the statement concerning separable Banach spaces follows by Theorem 1 (i). It remains to prove the last statement. Since Sh κ − (X) = Sh κ − (Y ) implies Sh 0 (X) = Sh 0 (Y ), the sufficiency part of (iii) holds by the sufficiency part of (ii) in general, i.e., without any additional assumption. Conversely, let X, Y ∈ ObbB such that dim X = dim Y ≡ κ and let there exist a closed embedding e : X → Y such that dim(Y /e[X]) < κ. If κ ≤ 2 ℵ 0 , then the κ − -quotient shape reduces to 0-quotient shape, and the conclusion follows, in general, by the necessity part of (ii). Finally, in the case of κ > 2 ℵ 0 , the conclusion follows by Lemma 3 (ii).
Corollary 1. All infinite-dimensional separable normed spaces over F (especially, all the direct sum spaces (F N 0 , · ) and all the C p (n) spaces, 1 ≤ p < ∞, n ∈ N) and all 2 ℵ 0 -dimensional normed spaces over F (especially, the Banach spaces l p and L p (n), 1 ≤ p ≤ ∞, n ∈ N, the subspaces c 0 c l ∞ and Sobolev spaces W Proof. Every infinite-dimensional separable Banach space has the (algebraic) dimension 2 ℵ 0 . If an infinite-dimensional separable normed space X is not complete, then one may use the inclusion j X : X → Cl(X), where X is isometrically embedded into its second dual space. Then Cl(X) is an infinite-dimensional separable Banach space, and hence, dim Cl(X) = 2 ℵ 0 . All the considered concrete spaces belong to the mentioned classes. Thus, the conclusion follows by Lemma 1 (or Theorem 3 [15] ) and Theorem 2. ℵ 0 -dimensional normed spaces considered in Corollary 1, none of (F N 0 , · ) can represent any (but its own) of their countable quotient shape types with respect to normed spaces. Namely, (F N 0 , · ) itself represents its own countable quotient shape type, while the countable quotient shape types of all normed (Banach) spaces X, dim X = 2 ℵ 0 , are non-rudimentary. (They reduce to their unique non-rudimentary finite quotient shape type). Hence, "philosophically" speaking, in the "world of Banach spaces" there is no "fine/close"approximation of a 2 ℵ 0 -object by the "shape-like" ℵ 0 -objects, i.e., there is only a "coarse" approximation by the finite-dimensional objects. It might be the main cause for the general difficulties in a practical application, especially, in solving of partial differential equations!? So the theoretical "advantage" (there is no ℵ 0 -dimensional Banach space) can turn back to be a practical disadvantage.
Question 2. Given a Banach space X and its closed subspace
, is there a closed complement of Z in X?
Application
It is well known that, in general, a continuous linear function of a (closed) subspace of a normed space into a Banach space of dimension dim ≥ 2 does not admit a continuous linear extension on the whole space. We shall prove that under certain dimensional conditions such an extension exists. Clearly, if the dimension of a codomain space is dim = 1, then an extension exists without any additional condition (the Hahn-Banach theorem).
Theorem 3. Let X be a normed space having dim X ≥ κ ≥ ℵ 0 , and let Z X be a (normed) subspace. If, by the inclusion e : Cl(Z) ֒→ X, induced, quotient shape morphism S κ − (e) : Cl(Z) → X is an isomorphism of S κ − (N ), then for every Banach space Y , over the same field, such that dim Y < κ, every continuous linear function f : Z → Y admits a continuous linear extensionf : X → Y . Moreover, f = f .
Proof. Let S κ − (e) : Cl(Z) → X be an isomorphism of Sh κ − (N ). Let Y ∈ Ob(B κ − ) and let f ∈ N (Z, Y ). We may assume, without loss of generality, that S κ − (e) is represented by a level morphism
of Cl(Z) and X respectively. Then, for every ν ∈ N, p 
By the wellknown Morita lemma, for every ν ∈ N, there exist a ν ′ ≥ ν and a
Denote by i : Z ֒→ Cl(Z) the inclusion, and by f ′ : Cl(Z) → Y the unique continuous linear extension of f , i.e., f
, that is a desired extension. Recall that all the projections and bonding morphisms in a canonical expansion are the appropriate non-trivial quotient morphisms (the initial one onto {θ} may be dropped and ignored), and hence, their norm is 1. Further, since e : Cl(Z) ֒→ X is the inclusion, the induced canonical (ϕ, e λ ) inv-morphism consists of the quotient morphisms as well, and thus, e λ = 1, λ ∈ Λ κ − (those onto the initial term or from the initial term may be dropped and ignored). Further, the construction of a level morphism uses the already existing morphisms only. Therefore,
Finally, e = 1, and the extension f ′ of Z on Cl(Z) does not affect the norm f . Consequently,
Theorem 4. Let X be a normed space having dim X = κ ≥ ℵ 0 , and let Z X be a (normed) subspace such that dim Cl(Z) = dim X and dim(X/Cl(Z)) < κ, and let Y be a Banach space (over the same field) having dim Y < κ. Proof. Firstly notice that, in general, a desired (unique) ontinuous linera extension on Cl(Z) exists by Lemma 1. Further, in the case of dim(X/Cl(Z)) < ℵ 0 there is no need for the assumption dim Cl(Z) = dim X. Namely, dim X ≥ ℵ 0 and dim(X/Cl(Z)) < ℵ 0 imply dim Cl(Z) = dim X. Furthermore, there is a rather simple proof of that special case without using Theorem 3. Nevertheless, we want to use Theorem 3 in our proof. Denote by e : Cl(Z) ֒→ X the (closed continuous linear) inclusion. By Theorem 2 (i), it follows that Sh 0 (Cl(Z)) = Sh 0 (X). (i). Since X ∈ Ob(sB), it follows that either dim X < ℵ 0 or dim X = 2 ℵ 0 . In the first (finite-dimensional) case, the statement is obviously true. Let dim X = 2 ℵ 0 . Since Y is a Banach space having dim Y < dim X, it follows that dim Y < ℵ 0 . According to Theorem 3, it suffices to prove that the induced quotient shape morphism F ≡ S 0 (e) : Cl(Z) → X of Sh 0 (B) ⊆ Sh 0 (N ) is an isomorphism. We shall prove this by proving the analogue claim in the proof of statement (ii).
(ii). Since X ∈ Ob(bB) and e : Cl(Z) → X a closed embedding such that dim Cl(Z) = dim X and dim(X/Cl(Z)) < dim X = κ, Theorem 2 (iii) implies that Sh κ − (Cl(Z)) = Sh κ − (X). According to Theorem 3, it remains to prove that the quotiemt shape morphism
is an isomorphism. In order to cover the both statements, assume that X is a Banach space. Let
be the canonical N κ − -expansions of Cl(Z) and X respectively. (They are, actually, the B κ − -expansions, because Cl(Z) is a Banach space as well, and, consequently, all the quotient spaces by closed subspaces are Banach spaces.) Then the induced pro-morphism e κ − : Z κ − → X κ − of e is the equivalence class of the inv-morphism (ϕ, e λ ) : Z κ − → X κ − , where ϕ : Λ κ − → M κ − is obtained by the expansion factorization property (E1) for each p λ e = e λ r ϕ(λ) . Therefore, by the construction of a canonical N κ − -expansion, for every λ ∈ Λ κ − , corresponding to a closed subspace U λ X such that dim U λ = dim X and dim(X/U λ ) < κ, the class [z] ϕ(λ) = z + (Cl(Z) ∩ U λ ) ∈ Z ϕ(λ) goes by e λ : Z ϕ(λ) → X λ to the class [z] λ = z + U λ ∈ X λ . Further, if λ ≤ λ ′ , then U λ ′ U λ (having the same dimensional properties), and hence, Cl(Z) ∩ U λ ′ Cl(Z) ∩ U λ implying ϕ(λ) ≤ ϕ(λ ′ ) and e λ r ϕ(λ)ϕ(λ ′ ) = p λλ ′ λ e ϕ(λ ′ ) . On the other side, every µ ∈ M κ − , corresponding to a closed subspace V µ Cl(Z) such that dim V µ = dim Cl(Z) and dim(Cl(Z)/V µ ) < κ, is a λ µ ∈ Λ κ − , corresponding to a closed U λ µ = V µ X such that dim U λ µ = dim X and dim(X/U λµ ) < κ. Thus, there exists a canonical "inclusion"
It remains to prove that ψ is a cofinal function. Indeed, in that case, the codomain restriction e ′ κ − : Z κ − → X ′ κ − of e κ − , i.e., the equivalence class of the codomain restriction (ϕ ′ , e λ ) : Z κ − → X ′ κ − , of (ϕ, e λ ), where the bijection ϕ ′ : Λ ′ κ − → M κ − , ϕ ′ (λ = λ µ ) = µ, is the domain restriction of the index function ϕ, will be an isomorphism of pro-B, and consequently, S κ − (e) = e κ − = e ′ κ − : Cl(Z) → X will be a desired quotient shape isomorphism. Namely, in that case, the restriction p For every closed subspace U X such that dim U = dim X and dim(X/U) < κ, there exists a closed subspace V Cl(Z) such that dim V = dim Cl(Z) and dim(Cl(Z)/V ) < κ, and in addition, V U, dim V = dim X and dim(X/V ) < κ. Given such a U, put V = Cl(Z) ∩ U, and the verification works in the same way as in the proof of Lemma 3 (ii).
At the end, we give a rather general example as a corollary. 
